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Nonlinear Dynamic Combustion in Solid Rockets: L* Effects

K. C. Tang* M. Q. Brewster'
University of lllinois at Urbana-Champaign, Urbana, Illinois 61801

Nonlinear combustion and bulk-mode (L*) chamber gasdynamics in homogeneous solid propellant rockets are
simulated computationally. A relatively new nonlinear simplified-kinetics combustion model is used. Quasi-steady
gas and surface decomposition are assumed. Linear, oscillatory analytical results are recovered (as numerical val-
idation). In general, the calculated results exhibit motor behavior in agreement with that observed experimentally
for different L* values, as summarized by Price (Price, E. W., “L* Instability,” Nonsteady Burning and Combus-
tion Stability of Solid Propellants, edited by L. De Luca, E. W. Price, and M. Summerfield, Vol. 143, Progress in
Astronautics and Aeronautics, AIAA, Washington, DC, 1992, Chap. 9, pp. 325-361) increases from low, <L(’)‘, to
high, >L(’)‘, values burning rate and motor pressure go from erratic and/or oscillatory to steady and stable. Several
nonlinear combustion phenomena that have been observed experimentally but that are beyond the capability of
linearized models are also predicted. These include rapid initial (over-) pressurization, propellant extinction, and
dual-frequency and limit-cycle oscillations. The results suggest that some of these combustion phenomena could
be due to nonlinear (but still quasi-steady) dynamic burning and mass conservation effects within the classical
bulk-mode framework rather than more complicated fluid and flame dynamic effects that have been proposed. In
particular, the rapid rate of initial pressurization and the ignition spike commonly attributed to erosive burning
may be due to nonlinear dynamic burning at low L*. Even without an overpressurization spike, it appears that
the rapid pressurization rate in solid rockets is at least partly due to the inherent L* instability of the initial state

where L*< Lj(cx >0) because of large values of L; at low pressures.

Nomenclature
A = (T, —Ty)(@tim/dT,), k/r
A = 1/(RT,C,)
A, = burning area
A, = condensed-phase reaction rate prefactor
A, = nozzle throat area
B = 1/(T; = Ty) (3t /3Ty) p], 1/k
B, = gas-phasereaction rate prefactor
C = specific heat, C,,
Cy = isentropic nozzle discharge coefficient
E. = activation energy of condensed-phasereaction
E, = activation energy of gas-phase reaction
F., = functions generated by flame models
f = frequency, Hz
f = temperature gradient at surface in condensed phase
k = (I, —Ty) (8t /03Ty),
k., = thermal conductivity
L* = characteristiclength, V /A,
m = mass flux, p.r;
m’ = Amexplirft+0)]
n = (bam /0l P)g, v
ng, = (3bam/3bP)y,,8)r
P = pressure
P’ = APexpli2nft]
Q.. = heatrelease (positive exothermic)
q. = conductive heat flux to surface from gas phase
R = universal gas constant, 1.987 cal/mol : K
R, = pressure-drivenfrequency-responsefunction,
(m/m)/(P'/P)
r = (8 T)‘ /8 TO)p
rp = burningrate
T = temperature
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Toa = parameter defined by Eq. (10)
initial, surface, or final flame temperature
time
free combustion chamber volume
molecular weight
coordinate normal to surface, positive into gas phase
solid convective-diffusive length scale, c. /7
linear acoustic oscillation growth/damping parameter
< thermal diffusivity
amplitude of fluctuating quantity
Jacobian parameter, vr — uk
= phase angle of burning rate oscillation relative
to pressure oscillation
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by = 14+DA+4iQ)?

v = (0bum /3 P)py, n

Peg = density

Ten = combustor relaxation time
w = 2nf

Subscripts and Superscripts

c = condensed phase, convective-diffusive, or conduction
f = flame

g = gas phase

s = surface

0

initial conditionor o =0
steady condition or mean value
= complex fluctuating quantity

Introduction

HE simplest mode of coupling between motor fluid dynamics

and propellant combustion in solid rockets is the bulk mode.
In this mode, transient burning is coupled with spatially uniform
(nonacoustic) pressure variations in the motor.'~!* Under certain
conditions, this coupling can lead to unstable combustor opera-
tion,usuallyidentified by oscillatorypressure variations.Sometimes
these oscillatory motions lead to extinction or quenching of the pro-
pellant. L* instability, as it is usually called, is so named because
L* has been found to be a key parameter in determining the system
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behavior,where L* is defined as the free chamber volume-to-nozzle
throat area ratio (L* =V /A,). Motors susceptible to this type of in-
stability are typically those with low L* values, for example, small
motors with high propellant volume loading (small V') operating at
low pressures (large A;). Because most motors are not susceptible
to oscillatory L* instability, it has not been studied as extensivelyas
acousticinstability, velocity coupling, or other fluid dynamic effects
that are suspected of playing a role in undesirable motor behavior.
Nevertheless, as argued by Price,"? and others, the bulk mode of
unsteady motions is still a useful one for studying propellant com-
bustionbehavior. It is of particularinterestfor studyingthe relatively
uncharted area of nonlinear, coupled solid propellant combustion-
gasdynamic behavior because it represents the simplest mode of
such coupling. Furthermore, it appears that combustor instability at
low L* might be a much more important factor in interior ballis-
tics than has generally been recognized. Virtually every motor goes
through a process of trying to make a transition from a highly un-
stable initial state to a stable operating state or manifold of states.
As demonstratedin this paper, the success of this transitiondepends
critically on nonlinear combustion and L*-combustor dynamics.

The basic mechanism of bulk-mode oscillationsat low L* is cou-
pling between combustion of the solid propellant and bulk-mode
filling and emptying of the gas-filled port or motor chamber. The
frequencies normally associated with low-L* oscillations are of the
order of 100 Hz or less, being determined by the chamber residence
time and combustion properties of the burning propellant. The pri-
mary time-lag process of importance with respect to combustion is
thermal conductionin the heated surface layer of the burning solid.
Transientthermal relaxationin the solid affects the temperature pro-
file near the burning surface. This in turn affects the high-activation-
energy decomposition process near the surface and, therefore, the
burning rate. The pressure-sensitive process that is mainly respon-
sible for coupling combustion to chamber gas motions is gas-phase
flame kinetics, which is generally taken to be quasi-steady. Thus,
perturbations in chamber pressure produce fluctuations in burning
rate via combustion processes, and conversely, fluctuationsin burn-
ing rate produce perturbations in pressure via chamber mass con-
servation; the system is coupled. Because fluctuations in burning
rate and pressure are always present naturally during a motor firing
(through propellant nonhomogeneity, particles and debris passing
through the nozzle, and viscous fluid mechanical effects), there is
the possibility, if conditions are right, that these perturbations can
grow in amplitude. Whether these perturbations grow or decay and
at what rate and frequency are questions that can be and have been
addressedrelatively successfullyby linear theory, at least for homo-
geneous propellants. Nonlinear behavior, however, has not been so
successfully described theoretically.

Several nonlinear behaviors have been observed in solid rocket
motors (see the left side of Fig. 1, which is Price’s' summary of ex-
perimental observations). Figure la shows a case where the motor
reaches a linearly stable state at elevated pressure such that small-
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Fig. 1 Summary of experimentally observed bulk-mode combustorin-
stability for various values of L* (left side from Price!).

amplitude perturbations always damp. Other times, as shown in
Fig. 1b, oscillations have been observed to grow exponentially in
amplitude and then converge to a stable state. Sometimes, partic-
ularly in low-L* motors with L* slightly smaller than the critical
value at the stability boundary (linear growth constant « positive
but small), these oscillations grow to large amplitude followed by
sudden extinction or quenching of propellant combustion. In some
cases extinction is followed by spontaneous reignition and addi-
tional cycles of quenching and ignition, called chuffing (Fig. 1c).
For motors with even smaller L* values (« positive and large),
the amplitude growth rate is so large that no oscillation is pos-
sible before extinction occurs (Fig. 1d). In addition, it has been
observed®™!? that during a single motor firing two different oscilla-
tions with different frequenciescan occur, so-called dual-frequency
oscillations or frequency shifting. In double-base propellants this
behavior has been tentatively attributed to non-quasi-steady, mul-
tistage gas flame dynamics®’ (incomplete combustion), although
no theoretical-experimental comparison has yet established this ex-
planation. Price' has also suggested a quasi-linear explanation for
dual-frequencybehaviorin terms of multiple-valuedfrequenciesfor
asingle L* value within a narrow parameter space of linearresponse
function parameters. Thus, a variety of nonlinear bulk-mode behav-
iors have been recognizedas such, but have not yet been adequately
described theoretically.

There are also nonlinear motor phenomena attributed to other
factors when they are or may be actually manifestations of combus-
tor and combustion dynamics at low L*. Price’ has observed that
chuffing being interpreted as an ignition problemis a common mis-
diagnosisunder low-L* and low-pressure conditions. The results of
the present investigation have led us to propose one other poten-
tial common misdiagnosis: that the initial overpressurizationspike
sometimes experiencedin small motors, which is often attributed to
erosive burning or igniter mass flux, may actually be primarily sim-
ple bulk-mode combustordynamics due to low L* (see Fig. 1f). Both
low-L* combustordynamics and erosive burning would be expected
to occur in similar kinds of motor geometries and could, therefore,
easily be mistaken. The reasons the initial pressurizationspike has
not been more widely recognized as a dynamic burning effect may
have to do with the general lack of sufficiently accurate, nonlinear,
time-dependent combustion models, as well as other factors.

This paper describes a computational investigation of nonlin-
ear bulk-mode combustor and combustion dynamics using a com-
bustion model developed by Ward et al.'"* (WSB in the fol-
lowing) that has recently shown promise for simulating linear
dynamic combustion behavior of homogeneous energetic mate-
rials (nitrocellulosehitroglycerin and cyclotetramethylene tetra-
nitramine). The framework of the combustion analysis is the classi-
cal quasi-steady,homogeneous,one-dimensional (QSHOD) theory.
The combustion model is coupled with a simple combustion cham-
ber and quasi-steady, isentropic nozzle. Acoustic motions in the
gas chamber are not considered. The time-dependent pressure and
propellantburning rate are solved numerically via the coupled non-
linear equations for conservationof mass in the chamber and energy
in the solid propellant. The equations, though straightforward and
documentedelsewhere, are summarized in the following section for
those unfamiliar with this type of analysis.

Numerical Modeling

Nonlinear Combustion Model

The theory of Zeldovich and Novozhilov (ZN) is used in combi-
nation with the WSB flame modeling (FM) approach for the non-
linear combustion model. Details of the derivation can be found
in Refs. 15-17. QSHOD conditions are assumed for the propel-
lant and flame zone. The fundamental equation for QSHOD propel-
lant combustion is the unsteady energy equation in the condensed
phase, which includes the inert solid propellant (—oo < x < 0) and
the thin (possibly liquid) decompositionlayer on the propellantsur-
face (x =0):

cAT AT T 0
Pe ot " ax < x2
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T(—o0,t) =T, (1a)
T©,1=T1) (1b)
oT 1 oT
a_x - = f)‘(t) - k_L(qL + mQL')s qdec = kga_x o (IC)

The solution of the unsteady heat equationis a relatively straight-
forward matter, even when, in additionto solid temperature, 7' (x, t),
the burning mass flux, m(¢) = p.r,(¢), is an unknown eigenvalue to
be solved for. What complicates the solutionis the question of how
to specity the conductive heat feedback to the surface from the gas
phase. One approach is to solve gas-phase quasi-steady differen-
tial equations, based on some kinetics assumptions (usually single
step), as in the FM approach. The ZN method provides a conve-
nientalternative for representingthe conductive heat feedback from
the quasi-steady gas phase instead of solving the quasi-steady gas
equations. The method consists of using the steady burning laws and
integral energy equations to transform the steady burning laws to
a form that is valid for unsteady burning. The steady burning laws
can be represented functionally as

m = in(Ty, P) @)
I, = T,(T, P) 3)

where the indicated functionalitiescan be either in the form of ana-
lytic flame modeling equations (FM approach) or empirical data (ZN
approach). (An overbar represents time-independent or time-mean
conditions.) Using the steady integral energy equation

fi = Fofa) (T, — Ty) 4)

the steady burning laws can be transformed to eliminate 7; in favor
of f;:

m = in(f,, P) 5)
T, =T,(f,, P) ©)

These functional relationships have been shown to be valid on a
time-dependentbasis'>'® underthe quasi-steadyassumption, giving

m = m(f;, P) )
T, =T,(f,. P) ®)

With the use of the time-dependentintegral energy equation, assum-
ing surface reaction,

ff:_ T)‘— TO—__ T dx (9)
o ry 0t J_o

an apparent initial temperature Tp, can be defined to include un-
steady energy accumulation in the condensed-phaseregion

19 [°
Tya=Ty— —— T dx (10)
rp 0t —
oT r
. Ef.f(t):_(Tf—TO(l) (1])
0x 0= o,

[use in place of Eq. (1¢)] and the unsteady burning laws can be
written as

m:m(TO(lsP) (12)
T; = T)‘(TOG! P) (13)

The apparent initial temperature T;, has replaced the actual initial
temperature 7y in the steady-state burning laws. These relations are
obtained either from a steady model (FM) or steady-state r, and
T, measurements (ZN). In the case of FM, the solutions generally

appear with the two dependent variables m and 7, combined alge-
braically,

F.(m,T,; Ty,, P) =0, F.(n,T;; T, P =0) (14)

F,(m,T;; Ty,, P) =0, F,(m, T;; Ty, P) =0 (15)
with one relation, F,, coming from analysis of the condensed-phase
reaction zone and the other, F,, from the gas-phase reaction zone.
When combined with the preceding unsteady differential energy
equation, these relations allow solution of the unsteady temperature
field in the condensed phase 7' (x, ¢) and the unsteady burning rate
eigenvaluem (¢) for a prescribedunsteady P (¢). This solutioncan be
numerical,in which case nonlinear behavior can be simulated, or, in
the case of small-amplitude linear behavior, analytic representation
is possible. The linear analytic solution is more commonly reported;
nonlinear simulations have not been reported much outside of the
Russian literature. To summarize, the nonlinear problem consists of
solving Egs. (1), (11), and (12) and (13) or (14) and (15).

Linearized Combustion Model

In the linear approximation, an analytical solution of the QSHOD
problem can be obtained. Consider the case of oscillatory burning
and, more specifically, the burning response to a harmonic input.
The input is a sine wave with circular frequency @ (=27 f) and
amplitude Ap:

P(t) = P +Re{P' (1)} = P + Re[APexp(iont)})  (16)

For a linear response, the corresponding mass flux response and
temperature field will also be harmonic at the same frequency

m(t) = m + Re{m'(t)} = i + Re{Am expli (wt + ©)]} (17)
R, = (m'[i/P'|P) = (Am /i /AP /P)exp(i®)

Re{R,) = |R,| cos © (18)
T(x,1) =Tx)+Re(T'(x, )} =T (x)

4+ Re(AT (x) expli[wt + ¢(x)1}) (19)

Inthelinearapproximation,we assume Am << m and AT < T'; non-
linear terms such as m’d7”’/3x are negligible. This allows analytic
solutions of Eq. (1) to be obtained.

The steady-state solution is

(T — Ty /(T, — Ty) = exp(x/x,), x.=a/F  (20)

This equationdefines an exponentialtemperature profile in the inert
preheat zone that has a characteristic length scale x..

The oscillatory solution, as in the nonlinear case, relies on the
steady-statemass flux and surfacetemperaturelaws, Egs. (2) and (3),
and the integral energy equation (4). The solution is best obtained
using Jacobian transformations.”~'7 The important practical result
is that in the linear case the steady-state information appears as
sensitivity parameters, that is, the partial derivatives of Egs. (2) and
(3): k, r, v, and § (see Nomenclature). The oscillatory solution for
pressure-perturbedburning with negligible radiant flux'>~"7 is

R — v+ —1) _ nAB+n,(,—1)
P ar kA — @4k +1 T A+AMA—(1+A)+ AB
21

The sensitivityparameterscan be obtained fromthe analyticsolution
of the WSB model as discussed in the next section.

Condensed-Phase Kinetics

One of the simplest reported kinetic schemes that meets the
QSHOD requirement of surface pyrolysis and includes formal
consideration of the species equation is zero-order, single-step,
unimolecular decomposition with large activation energy E.(E./
RT > 1) and frequency factor A,. This initial, endothermic, rate-
limiting step is presumed to be followed by rapid exothermic
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reactions such that the net converted chemical to sensible enthalpy
per unit mass in the condensed phase, Q., is possibly exother-
mic (Q.>0). The solution for this scheme was first obtained
by Merzhanov and Dubovitskii in 1959 and applied to energetic
materials.'® In 1970 it was obtained using activation energy asymp-
totics (AEA) by Lengelle! and applied to endothermic polymer
degradation. The following form by Ibiricu and Williams, which in-
cludesradiation,appearedin 1975 and was also applied to energetic
materials.2’ In the present application radiation is neglected,

_y_ A p’CRT? exp(—E/RT))

Equation (22) is a particular form for the functionality F. indi-
cated in Eq. (14). It is written in steady-state form but can be put in
unsteady form based on ZN theory [see Eq. (14)] by replacing Tp
with Ty, and dropping the overbars,

(22)

mz — AL'aL'p3CRT;2 exp(— EL/RT))
EL[C(T) - TOa) - QL/2 - f;q,/m]

Differentiating the general F. relation [Eq. (14)], with respect to Tp
gives a relation r (k). Similarly, differentiating F, with respect to
pressure gives relations £ (v) and 8 (v, k). These relationshave been
obtained for zero-order decomposition [Eq. (22)] (Ref. 21).

(23)

Gas-Phase Kinetics

A single-step, bimolecular reaction is assumed with activation
energy E,, prefactor B, and chemical-to-sensibleenthalpy per unit
mass Q,. In the limit of a high-activation-energyreaction, the re-
sulting relation for F, [Eq. (14)] is

20 T4 p2
_, _ 2k BWECTP exp<—€g>
E;Qﬁ RTf

- 1 E
Ty =T+ E[Qc + 0,1, R_;" > 1 (24)
In reference to its early use in QSHOD analysis by Denison and
Baum?? and Williams’s subsequent theoretical defense of its use,?
this relation is designated here as DBW. The low-activation-energy
limit gives
_ 4P%%,B,W> 1

CR @NQ/IC(T,—Ty) = Q] — 1} +1)* — 1

=2

E, 1 (25)
RT <

The low gas-phase activation-energy limit has recently been pro-
posed as giving closer agreement with most experimental ob-
servations for HMX and NC/NG than the high-E, limit.!*?*%
Equations (24) and (25) play the role of the function F, denoted in
Eq. (15). They can be differentiatedand solved simultaneously with
the results from F, to obtain analytic expressions for the sensitivity
parameters.!” This allows calculationof the linear QSHOD response
using fundamental material properties, kinetic (E. , ), thermochem-
ical (Q. ), and thermophysical(C, k.. , ), and environmental param-
eters (7p, P). The combination of Egs. (22) and (25) is referred to
here as the WSB model. Combustion parameters representative of
homogeneousenergetic material were assumed as shown in Table 1.

Chamber Mass Balance
The mass balance on the gas in the chamber is

vV dpP
RT. O = pcrpAp — C4A P (26a)
f
dP 1 A
L A’ - = pL,rhC_Th .y (26b)
d t
\% 1
L* = —, A= —— T, = A'L* (26¢)
Al RTde

Table1 Input parameters

Parameter Value

Condensed-phase parameters for propellant

A, 1/s 1.0e17
E., cal/mol 40,262.0
Q., cal/g 42.0
o, cm?/s 8.0e—4
C,cal/g-K 0.300
Pes g/cm3 1.6

Gas-phase parameters for propellant and chamber

By, cal?/cm? « atm? gt K2 1.66e—3
E,, cal/mol 0
Qg, call/g 558.0
kg, cal/cm s K 2.0e—4
C,cal/g-K 0.300
W, g/mol 24
T, K 2,300
y (in nozzle Cy) 1.14
Ap /A, (for 40.18 atm final pressure) 233

where the combustion product temperature 7, is assumed constant.
Note that the possible effect of an extended flame zone and even
incomplete combustion within the chamber is being neglected here.
During the initial low-pressure stage of the pressurization process
this assumption may not be satisfied by certain propellants,as noted
by Price."'? Note that possible effects due to fluctuating chamber
temperature are also ignored. This assumption has been suggested
to be reasonable for first-order effects, according to Williams et al 2
Nevertheless, some studies?”% have relaxed this assumption and
investigated its effects. One-dimensional, quasi-steady, isentropic
flow is assumed in the nozzle to specify the discharge coefficient
C,. The time constant t.;, is the characteristictime for chamber dis-
charge through the nozzle with zero inflow. This equationis coupled
through pressure and burning rate to the WSB model. This system
of equations is solved numerically by a time-marching, finite dif-
ference scheme for P(t) and r;,(¢). An initial pressure is assumed.
Initial burning rate and solid temperature are set at the steady-state
WSB values correspondingto that pressure. The initial state is a rel-
atively low-pressure, steady-state condition that is assumed to exist
after the initial flame spreading and ignition transient has passed.
This assumption is felt to be reasonable, even though the complex
ignitionprocessis notbeingsimulated. The effectof finite-rate flame
spreading would be to change the effective initial pressure, perhaps
to different values at different spatial locations. To summarize, the
complete (chamber and combustion) nonlinear model consists of
solving Egs. (1), (11), (14), (15), and (26), with Egs. (22) and (25)
playing the role of Egs. (14) and (15). The burning rate r}, is calcu-
lated to convergence of less than 0.1% relative error during every
time step. The chamber pressureis calculated to convergenceof less
than 1% relative error.

Linear, Oscillatory Solution for Low L*

Linearization of the chamber mass balance equation' can be ac-
complished by assuming an exponentially growing or decaying har-
monic solution of the form

Re{P’(t)} = AP coswt = Pyexp(at) coswt 27)
Re{m'(1)} = Am cos(wt + ®) = m, exp(at) cos(wt + O)
=|R,|(7/P)Pyexp(at) cos(wt + O) (28)
which leads to the following relations:
o =|R,|sin® /7 29)
a=(IRylcos® — 1)/t (30)
For a physically realistic oscillatory solution, the frequency deter-

minedby Eq. (29) mustbe positive,and in additionfor a spontaneous
oscillationto grow, the growth constantdetermined by Eq. (30) must
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also be positive (o > 0). These conditions place upper and lower
frequency constraints, corresponding to Im{R,} > 0 (® > 0) and
Re{R,} > 1, respectively. The stability limit is defined by the con-
dition « =0, and correspondingproperties are designated by a zero
subscript, such as L, fo, Qo, R, etc. Setting « =0 in Egs. (29)
and (30) and solving for Lj gives

(VIR —1/) o< 1/P (31)

Results and Discussion

*% aL/A

Small Pressure Changes (Linear Behavior)

Linear conditions were simulated first to help validate the nu-
merical solution, using the analytic solution discussed earlier, and
to locate the linear stability boundary. Figure 2 shows the linear
frequency-responsefunctioncalculatedaccordingto Egs. (21), (22),
and (25) for the base case of P =40.18 atm (the otherwise unnec-
essary precision of this number is to distinguish it from the initial
pressure of 40.00 used for linear calculations). See Table 1 for pro-
pellant parameters. For reference, the sensitivity parameters at this
pressure are v =0.89, k =0.98, r =0.044, and § = —0.066. Only
the phase lead portion of the response function is shown in Fig. 2
because, by Eq. (29), only for sin ® > 0 is there the possibility of
oscillatory solutions (f > 0). Figure 3 shows the L* vs frequency
values calculated from Eq. (29) and « vs frequency from Eq. (30).
It can be seen that for this response function, L* is a single-valued
function of frequency. (Price' has noted the interesting theoretical
possibility of L* being a multiple-valued function of frequency.)

3.00 : 25
2.50 |

2.00

IR |
O (deg)
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0.50 ! L 0
1 10 100 1000
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Fig. 2 Linear frequency-response function for propellant parameters
in Table 1 at 40.18 atm.
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Fig. 3 Linear L* parameters (L* and growth constant) for response
function of Fig. 2 (40.18 atm); linear stability limit occurs at fy =54 Hz
with L(’; =0.444 m.
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Fig. 4 Linearly stable case, L* =0.450m (constant), & = — 6.74 1/s, ini-
tial pressure 40.00 atm, final pressure 40.18 atm (L; =0.444 m); see
Fig. 1a.

40.5 0.785
: ) r b
; 555;;- i
= g
£ 2
& 1 £
o S
-0.7
P 1 0.775
39.9 g
Y T Y Y YT I YN T [ T S
39'80 0.25 0.5 0.75 10'77
time (sec)

Fig. 5 Linearlystable case, L* =0.445m (constant), o = — 1.85 1/s, ini-
tial pressure 40.00 atm, final pressure 40.18 atm (L; =0.444 m); see
Fig. 1a.

The linear stability boundary is located at « =0, where f =54 Hz
and L* =0.444 m. This value of L* (where @ =0) is referred to as
L} and the corresponding frequency fo.

Figures 4 and 5 show pressure and burning-rate histories for an
initial pressure of 40 atm and two different L* values, both slightly
above Lj (a < 0). The burning surface area, nozzle throat area, com-
bustionparameters,motor parameters,and other parametersare such
that the final equilibriumpressure is only slightly higher, 40.18 atm.
Therefore, due to the small magnitude of pressure change involved,
the system behavior is linear, at least initially.

Figure 4 shows a case fora constantvalue of L* = 0.450 m (imag-
ine an end-burning configuration with the propellantbeing fed into
the chamber at a rate equal to its consumption rate). Because this
value of L* is greater than L}, the linear growth/decay constant & is
negative. The system oscillates with amplitude decaying to the final
steady-state conditions. A curve fit of the numerical results gives
o = —6.74 1/s, whereas the linear analytic solution gives —8.27 1/s.
The numerical frequency is 54 Hz, whereas that predicted by the
linear analytictheory is 52 Hz. This is an example of a system that is
linearly stable, that is, stable to small perturbations. It corresponds
to the type of stable, steady burning behavior shown in Fig. 1a (see
also Fig. 6a of Ref. 1, high-L* behavior).

Figure 5 shows a case for a slightly smaller L* value, 0.445 m
(L* still being kept constant for the calculation). Because the con-
dition L* > Lj still holds, the corresponding « value is still neg-
ative (—1.851/s) but closer to zero than in the preceding case.
Thus, the system is closer to the linear stability boundary, and the
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oscillation decay time is longer. Still the system approaches the ex-
pected steady-stateburning condition. The numerical and analytical

frequencies for this case are both 54 Hz.

Figure 6 shows a case for evensmaller L*, 0.431 m, such that L* is
now less than the value for linear stability, L* < L, and the growth
constantis positive (15.2 1/s). The oscillationamplitude grows until
nonlinear effects take over, and the burning rate suddenly goes to
zero; the propellant extinguishes. This is an example of a system
thatis linearly unstable being perturbed by a small perturbation, be-
coming nonlinear, and finally extinguishing. This case corresponds

to the type of experimentally observed behavior shown in Fig. 1c

(see also Ref. 1, Figs. 1 and 6¢). Figure 6 also shows how burning

rate leads pressure during L* oscillations, in agreement with the

positive phase (16 deg) of Fig. 2 at 56 Hz. The reason the burning

rate goes to zero instead of blowing up is discussed later, when the
effect of pressure on linear stability properties is considered.
Figure 7 shows what can happen if the increase in L* correspond-
ing to propellant consumption is taken into account rather than as-
suming L* is constant. In this case rather than feeding the propellant
into an end burner at the linear regression rate to maintain constant
volume, the volume increases at a rate equal and opposite to the
propellant volumetric consumption rate. The simulation begins at
L*=0.365, which is less than the critical value for linear stability
(L; =0.444). The oscillations initially grow in amplitude. How-
ever, because L* crosses the stability boundary at around 0.045 s,
the growth in amplitude is reversed into a decay. This case corre-
sponds to the type of experimentally observed behavior shown in
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Fig. 6 Linearly unstablecase,L* =0.431m (constant), & =15.21/s, ini-
tial pressure 40.00 atm, final pressure 40.18 atm (L(’)‘ =0.444 m), leading
to extinction; see Fig. 1c.
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Fig. 7 Variable L* case, initially linearly unstable (L* =0.365 m), be-
comes stable due to increase in L* (final L* =0.909); Initial pressure
40.00 atm, final pressure 40.18 atm (L; = 0.444 m); see Fig. 1b.
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Fig. 8 Effect of pressure on linear stability parameters o vs L* for
propellant parameters in Table 1: stability boundary at & = 0; curve for
40.18 atm corresponds to Fig. 3.
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Fig. 9 Linear stability boundary for propellant parameters in Table 1:
stable for L* >L(’)‘ (¢ < 0); unstable for L* < L(’)‘ (a >0).

Fig. 1b (see also Ref. 1, Figs. 3 and 6b). All of the cases described
are for linear behavior about a pressure of 40 atm.

Figures 8 and 9 show the effect of varying pressure on linear os-
cillatory L* behavior. Figure 8 shows « plotted as a function of L*
for three pressures, 40.18, 17.55, and 1.0 atm [this type of plot can
be generated from Fig. 3 or Egs. (29) and (30) by eliminating fre-
quency]. Near the linear stability boundary (o« = 0), the numerical
and linear analytical solutions agree well, as expected, thus validat-
ing the numerical computations for these conditions. The value of
L* at the stability boundary, L, is a decreasing function of pres-
sure. For low pressures, the « vs L* curves intersect « =0 at high
values of L* and with a more gradual slope. Thus, the range of L*
values over which oscillatory behavior may be observed widens as
pressuredecreases, which partly accounts for oscillatory bulk-mode
instability appearing more often at lower pressures. Figure 9 shows
the locus of intersection points from Fig. 8 (L} and corresponding
frequency fp) as a function of pressure. The reason for this effect
of pressure on Lj is the effect burning rate has on the thickness of
the heated layer at the surface of the solid, x. =« /r). As pressure
increases, the time for burnoff of this layer, t. = x./r;,, decreases as
1/r?. As aresult, the 1/r} scaling also appears in the nondimen-
sional frequency Q2. Using this scaling in Egs. (29) and (30) (with

a =0) gives Eq. (31). The latter proportionalityin Eq. (31) assumes
that the response R, as a function of nondimensional frequency is
independent of pressure, which implies that the steady-state sensi-
tivity parameters are also independentof pressure. Although this is
not true strictly, it is a reasonable approximation for the purpose of
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estimating the effect of pressure on Lj. Thus, as shown in Eq. (31),
Lj varies approximately inversely with pressure to the power of 2n.
What is the implication of the pressure trend shown in Figs. 8
and 9 for motor behavior? During motor firing, the initial pressure
is well below the final target operating pressure. As the motor firing
proceedsand the motor pressurizes, L decreases. At the same time,
the actual motor L* value increases. The instantaneous values of
L* and L; determine the state of linear stability of the motor at
any given time. Thus, the relative magnitudes of L* and L{ give
some indication of how the motor will behave but not a complete
description because Lj is only a linear concept. With regard to
the actual (nonlinear) stability behavior of the motor, not only the
instantaneous values but also the relative rates of increase for L*
and decrease for Lj are probably important. Motor behavior under
more realistic nonlinear dynamic conditionsis considered next.

Large Pressure Changes (Nonlinear Behavior)

In the next set of simulations, nonlinear behavior is ensured by
an increase in the magnitude of the imposed pressure change. The
initial pressure is reduced, in most cases to 1.0 atm, while propel-
lant combustion and chamber conditions are kept the same such
that the final equilibrium pressure (assuming extinction does not
occur) is still 40.18 atm. Constant L* is maintained during the burn
(propellantfed into an end burner). Because the mean pressure now
changes significantly during the course of the burn, the linear sta-
bility properties, thatis, &, L}, etc., also change. At 1 atm, the value
of L is 353 m, one or two orders of magnitude above the initial
L* value in most practical systems. (Typical initial L* values range
from 2 to 30 m.) Therefore, as shown in Fig. 8, the initial (1 atm)
«a value is positive and very large for typical L* values. When pres-
surization begins, the motor is in a very unstable state. However,
as it pressurizes, it moves toward more stable parameter space: L*
increases and L§ and « decrease (see Fig. 8). How the motor will
behave depends on the initial value of L*, the initial pressure, the
final target pressure, and other conditions. Various cases illustrating
different types of motor behavior are considered next.

Figure 10 shows a case for a very small value of L* =0.093 m
(constant). Even at the final target pressure of 40.18 atm, Lj =
0.444 m is still much larger than the initial L* value and « is positive
and very large (5570 1/s). Because according to linear analysis the
targetfinal state is not stable, it can be anticipated that the motor will
notbe able to reacha steady burning conditionat the target pressure.
Figure 10 bears out this prediction. From the initial state at 1 atm, the
pressure begins to rise rapidly and in the process L; and o decrease.
As indicatedby Figs. 8 and 9, the effect of raising pressureis to make
the system more stable. Eventually, after reaching 525 atm, the pres-
sure begins decreasing. As pressure decreases, the system becomes
less stable accordingto linear theory (Figs. 8 and 9). There is a brief
pause in the pressure decent at about 70 atm, and then the propel-
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Fig. 10 Nonlinear case (linearly unstable) leading to extinction (pos-
sible chuffing); L* =0.093 m (constant), initial pressure 1.00 atm, final
target pressure 40.18 atm (L; =0.444 m, oc=55701/s); see Fig. 1d.

lant extinguishes. These same stabilizing/destabilizing influences
correlating with increasing/decreasing pressure are also evident in
Fig. 6, where the system became nonlinearly unstable during nega-
tive d P /dt, not positive. Note that whereas this observation seems
to hold for the propellant parameters under consideration (which
includes n < 1), it may not hold for other propellant conditions.

The case shown in Fig. 10 is similar to experimentally observed
behavior for small L* values as shown in Fig. 1d and as described
in Ref. 1 (Fig. 6e). Experimentally it is often observed that the pro-
pellant reignites and repeats the cycle. (Extinction, which follows
oscillatory instability as shown in Figs. 6 and 1c, can also be fol-
lowed by reignition and repetition of the cycle, or chuffing.) The
process of reignition can not be simulated in the present model be-
cause the ignition process itself is not simulated, but presumably
it might be with the inclusion of an ignition model. Note that the
L* value of 0.093 m may seem unrealistically small in light of the
fact that self-quenchingis usually observed experimentally at much
bigger L* values. However, those observations are usually at much
lower pressures than this calculation. As final target pressure is re-
duced, self-quenchingis exhibitedat higher L* values.It should also
be reiterated that the pressurein Fig. 10 exhibits a severe excursion
(>500 atm) above the final target pressure (40.18 atm). The severity
of the pressure excursion is partly due to the very small initial L*
value. However, this type of overpressurizationalso happens even
for larger L* values, as discussed next.

Figure 11 shows a case with a larger value of L* =2.6 m (con-
stant), a value typical of low port-to-throat area grains. This L*
value is big enough that at 40 atm no linear oscillatory solution ex-
ists (see Fig. 3). At 1 atm, a solution does exist, and the « value is
positive and large (673 1/s), which causes the pressure initially to
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Fig. 11 Nonlinear case: exhibiting initial pressurization spike, L* =
2.6 m (constant), initial state linearly unstable; final state linearly sta-
ble. Initial high-frequency oscillation magnified in b). Fully quasi-static
calculation (including solid) labeled steady state.
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rise rapidly. The interesting feature is the severity of the overpres-
surization spike (>120 atm). Similar initial pressurization spikes
have been commonly attributed to igniter mass flux and/or erosive
burning?®~** (see Fig. 2.15 of Ref. 29, Fig. 4.17 of Ref. 30, Fig. 6 of
Ref.32,Fig. 1 of Ref. 33, and Fig. 4 of Ref. 34). However, the calcu-
lations of Fig. 11 include no such effects, only nonlinear bulk-mode
chamber mass conservation and combustion. Propellant grains that
would be considered conducive to erosive burning (small port-to-
throat area ratios and large length-to-diameterratios) would also be
conducive to low-L* or dP /dt nonlinear dynamic burning effects.
Therefore, separatingthese effects in motor pressure datais difficult.
The relative importance of erosive burning and dynamic burningin
causing the initial pressurization spike appears to be an unresolved
issue at this time. Some studies’*™** suggest that erosive burning is
more important. At least one paper has proposed a dynamic burn-
ing explanation of the ignition spike >’ That study used a linearized
dP /dt burning model, not a nonlinear dynamic burning model. In
addition, a variable gas temperature feature was assumed. Accord-
ing to Williams et al.,? if the variable gas temperatureeffect was not
assumed, thatis, isothermal gas, the pressure spike went away. In the
present simulations constant gas temperature has been assumed (a
reasonablerepresentationof the energy equation for capturing first-
order effects, according to Williams et al.?®), and the pressure spike
is retained. The present simulations suggest that dynamic burning
should be given more considerationin explaining anomalousinitial
pressurization spikes, as well as depressurization transients. With
respect to the latter, Williams et al.>® have commented that “erosion
effects certainly do not explain all of the experimental results since
such a burning rate increase has been observed with end-burning
grains, on which erosion effects are likely to be negligible.”

The burning rate and pressure calculated using the steady-state
burning laws are also shown in Fig. 11 for comparison and to illus-
trate the significance of the nonlinear dynamic burning effect. This
calculation assumes completely quasi-static combustion, including
the solid phase (effectively equivalent to r, =a P", although the
WSB equations are actually used). Figure 11 shows that the quasi-
static pressure reaches the equilibrium pressure at about the same
time as the dynamiccase (0.25 s) but does so monotonically,without
a pressure spike.

Another feature of Fig. 11 is a high-frequency oscillation that oc-
curs early in the burn, at about# =0.01 s. The expanded timescale
plot of Fig. 11b resolves this region more clearly. The characteris-
tic frequency of this oscillation (about 1500 Hz) matches the inert
condensed-phase heated layer characteristic frequency r? /o, sug-
gesting that this is an intrinsic instability related to the propellant
combustion and may or may not be coupled to the chamber gas-
dynamics. Although the burning-rate amplitude of this oscillation
is quite large relative to the mean, the frequency is high. The com-
bined effect is such that the pressure oscillation amplitude is only
of the same order as the mean pressure or less. This type of oscil-
lation appears not to have been reported experimentally and indeed
would be difficult to detect through the usual method of pressure
measurement unless the pressure amplitude became larger.

Figure 12 shows how significant the dynamic burning effect
can be even for larger values of L*, typical of large boosters. For
L* =20m, Fig. 12 shows that althoughthe initial overpressurization
spike is gone, the rate of pressurization is still much greater with
dynamic burning than for the fully quasi-static (steady-state) case.
This suggests that the rapid pressurizationrate in most solid rockets
is at least partly due to the inherent L* instability of the initial state,
where L* < Ly (o > 0). This condition (L* < L) is not so much
due to the value of L* as it is to the inherently large values of L
at low pressures, as shown in Fig. 9. This effect can also be seen
in Fig. 1a where, although L* is big, there is evidence of a weak
pressure spike.

Figure 13 shows the effect of initial pressure using a set of cases
for the same (constant) L™ value (0.445) that was used in the linear
results of Fig. 5 (which had an initial pressure of 40 atm). This L*
value is just slightly above the stability value (0.444) based on the
final target pressure of 40.18 atm such that at the final target pressure
the system is linearly stable, barely. In Fig. 12, much lower initial
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Fig. 12 Nonlinear case: exhibiting rapid initial pressurization rate,
dynamic burning effect, L* =20 m (constant); initial state linearly un-
stable; final state linearly stable. Fully quasi-static calculation (including
solid) labeled steady state.
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Fig. 13 Nonlinear case: effect of initial pressure, L* =0.445 m (con-
stant); final target pressure 40.18 atm (Lj=0.444 m). High and low
initial pressures go to stable burning state and intermediate initial pres-
sures extinguish.

pressures are considered than in Fig. 5. The initial pressures of 1.0,
3.0, and 10.0 atm are each low enough that the initial « values are
all positive and quite large. The results show that starting at 1 atm
the pressure goes through a severe spike, reaching 340 atm, before
stabilizing to the final pressure. The pressure never falls below the
critical value (P > Py =40.13 atm) and, therefore, @ remains neg-
ative, and the solution remains nonoscillatory. For the next initial
pressure, 3 atm, a 230-atm spike is followed by a marginally sta-
ble oscillatory period and then by extinction. The oscillatory period
exhibits distinctly nonlinear (anharmonic) waveform and has the
appearanceof a limit cycle with nearly constantamplitude. Because
the pressure is able to fall below the critical value after the initial
spike, o becomes positive, and the pressure begins to oscillate. For
the 10-atm initial condition, the pressure peaks at 120 atm followed
almost immediately by extinction. In this case, even though « be-
comes positive after P falls below P, the rate of pressure drop is
too great (a nonlinear effect) for the pressure to begin to oscillate.
At 35-atm initial condition, the pressure oscillates for three cycles
before extinction. The magnitude of the first maximum is reduced
to the same order as the subsequent oscillations. At 40-atm initial
condition, the system is stable (see also Fig. 5). The pressure oscil-
lates at the same frequency (54 Hz) but the amplitude is too small
to appear on the scale of Fig. 13. The effect of initial pressure on
long-term stability of the system, that is, does it extinguish or not,
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is clearly nonmonotonic,because at 40-atm initial pressure (Fig. 5),
the system, though oscillatory, continues to burn as long as there is
propellant. Between 10 and 35 atm initial condition, the pressure
spike of the intermediate-initial-pessure, nonoscillatory,extinction
regime turns into the first oscillation of the high-initial-pressuie,
oscillatory regime. At about 38-atm initial pressure and above, the
system is able to continue burning to a stable final state.

Dual-frequency oscillation is a phenomenon that has been re-
ported experimentally and discussed theoretically, at least in a pre-
liminary way. Price’s':? adaptation of the linear theory is proba-
bly the most developed explanation of such observations. As noted
earlier Price suggested multiple values of frequency for a sin-
gle L* value resulting as an intrinsic property of the linear-response
function. Another idea that has been suggested is two-stage flame
structure >’ Tt also may be that, as Price as suggested,"? there are
multiple dual-frequency mechanisms. We have also observed sev-
eral numerical results that appear to have a dual-frequency nature;
therefore, brief comments are made on those. The most common
type of a dual-frequency behavior for the propellant parameters of
this study is that manifested in the burning rate of Fig. 11. It is not
uncommon in cases that have a strong initial pressurization spike
for the burning rate to exhibit a few cycles of high-frequency os-
cillation during the positive dP /dt portion of the pressure spike.
In some cases, the amplitude of these burning-rate oscillations is
large enough to produce noticeable oscillations in pressure. The
frequency of these oscillations seems to be well above any char-
acteristic linear L* frequency. It seems rather to correspond to the
characteristicthermal relaxation frequency of the heated layer at the
surface of the solid. Sometimes the initial high-frequency oscilla-
tion (and spike) is followed by a low-frequency, L* oscillation, as
in Fig. 13 for 3-atm initial pressure.

Figure 14 shows another example of a high-frequency burning-
rate oscillation occurring during the positive d P /d¢ portion of the
initial pressurization spike. In this case the high-frequency oscilla-
tion is strong enough to produce noticeable oscillationsin pressure.
The results of Fig. 14 are obtained by modifying the propellant
combustion parameters through shifting 8 cal/g of heat release from
the gas phase to the condensed phase. The initial and target final
pressures are 1 and 12 atm, respectively. By making other adjust-
ments to the propellantcombustion parameters, we have also found
it possible to create response functions with multiple values of fre-
quency for a single L* value, as suggested by Price."'? In turn these
response functions are capable of generating dual-frequency os-
cillatory pressure-time histories. Whether any of these theoretical
dual-frequency mechanisms can be shown conclusively to corre-
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Fig. 14 Nonlinear case: dual-frequency oscillations, L* =3.97 m (con-
stant); initial pressure 1.0 atm; final pressure 12.05 atm (Lj =3.74 m).
Propellant properties same as Table 1 except Q. =50 and Q, = 550 cal/g.

spond to experimental observations remains to be seen. Certainly
dual-frequencybehavior needs further systematic evaluation. How-
ever, it does seem that nonlineardynamic L* combustion is another
potential cause to be considered for dual-frequency oscillations.

Summary and Conclusions

Nonlinearcombustionbehaviorhas beeninvestigatedusinga new
nonlinearcombustionmodel (WSB) in a simple bulk-mode combus-
tor. Simulated behavior resembles experimental trends observed at
low pressures for differentvalues of L* as noted by Price.!? Atlarge
values of L* (see Fig. 1a), normal steady burning is obtained; per-
turbations are damped (o < 0). For smaller values of L*, sustained
oscillatory burning can occur and perturbationscan grow (« > 0). If
L* increases fast enough as a result of propellant consumption, the
system may revert back to the linearly stable domain with the effect
that the oscillations cease to grow and instead decay (Fig. 1b). If L*
does not increase fast enough as a result of propellantconsumption
(relative to how large o was to begin with), the oscillations will
grow large in amplitude and be followed by extinction of burning
(Fig. 1c). For still smaller values of L*, the growth constant o will
be so large that quenching will occur on the first cycle, usually soon
after a large pressure spike (Fig. 1d). The results confirm that the
range of L* values for achieving oscillatory behavior is relatively
narrow, becoming more so as pressureincreases. For most operating
pressures, bulk-mode oscillation occurs only at relatively small val-
ues of L* and then only over very narrow ranges of L*. The rate of
change of L* in the motor would normally be so fast that oscillatory
motion would not be manifested (Figs. le and 1f). This hasled to the
(correct) perception that oscillatory bulk-mode instability is only a
problem under limited conditions, that is, low pressure and low L*.
However, it may be that an important high-pressure, low-L* phe-
nomenon has gone largely unrecognized. The present computations
have shown that even at moderate and high pressures, if L™ is low
enough, a large initial pressurizationspike occurs. The values of L*
involved (2-3 m) are typical of test motors in which ignition spikes
have been observed. This suggests that initial pressurizationspikes
often attributed to erosive burning or igniter mass flux may be pri-
marily due to nonlinear combustor dynamics at low L*. Even in the
absence of a pressurizationspike, these results suggestthat L™ insta-
bility or nonlinear dynamic burning associated with a large, positive
initial value of « contributesto rapid pressurizationin many motors.
Exploratory calculations with reduced burning-rate pressure sensi-
tivity, more typical of composite propellants, have also exhibited
overpressurization;this will be reported in future.
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